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Abstract. In the first part, we show that the Haefliger cohomology of uni- 
form complete Riemannian foliations is isomorphic to the reduced Haefliger 
cohomology in the sense of Hector. In the second part, we will give a char- 
acterization of strongly tenseness condition of foliated manifolds in terms of 
the Haefliger cohomology. By combining the results of both parts, we prove 
that any uniform complete Riemannian foliation on any possibly noncompact 
manifold is strongly tense. 



Contents 

1. Introduction 

2. Definition of Haefliger cohomology 

3. Fundamental notions on pseudogroups 

4. Haefliger cohomology of uniform parallelizable pseudogroups 

5. Haefliger cohomology of uniform complete Riemannian pseudogroups 

6. Reduced Haefliger cohomology 

7. Strongly tenseness of foliated manifolds 

8. Dommguez's tenseness theorem via Haefliger cohomology 

9. A characterization of strongly tenseness in the noncompact case 

10. Strongly tenseness of Riemannian foliations on noncompact manifolds 
References 



1 

5 
7 
9 

n 

12 
1G 

m 

20 
23 
25 



f. Introduction 

1.1. Background and motivation. Recall that a foliated manifold (M, J-) is 
called taut if M admits a metric g such that every leaf of J 7 is a minimal submani- 
fold of (M,g). Haefliger cohomology of compact foliated manifolds was introduced 
by Haefliger |Hae80] to study tautness of foliated manifolds. Based on the work 
of Sullivan |Sul79j and Rummler |Rum79] . Haefliger characterized tautness for a 
foliated manifold (M, F) by the existence of certain positive 0-cocycle of the Hae- 
fliger cohomology. As a consequence, he showed that tautness of foliated manifold 
(M, JF) is a transverse property; namely, tautness of (M, J-) is determined by the 
equivalence class of the holonomy pseudogroup. 
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Here we briefly review the history of the study of tautness of Ricmannian folia- 
tions. The characterization of tautness of Riemannian foliations on compact mani- 
folds was studied by many au thors |KT83al ICar84l |Ghy84[ IHae85l IMS851 IEKAH84I 
IAL901 IMas92l IAL921 IDom98) mainly motivated by Carriere's conjecture |Car84j on 
the characterization of tautness of a Riemannian foliation on a compact manifold 
in terms of the basic cohomology. After many partial results, finally Masa |Mas92) 
proved Carriere's conjecture. Then, based on Masa's technique and the Alvarez 
class defined by Alvarez Lopez |AL92) . Dommguez |Dom98] proved that any Rie- 
mannian foliation on a compact manifold is tense, which is a generalization of 
Masa's theorem in a sense. Here, recall that a foliated manifold (M, J-) is called 
tense if M admits a metric such that the mean curvature form of T is basic. 

The work in this article was motivated by recent generalizations of theorems of 
Masa and Dommguez to noncompact manifolds. For Riemannian foliations on non- 
compact manifolds which are suitably embedded into Riemannian foliations on com- 
pact manifolds, it was done by Royo Prieto-Saralegi-Wolak |RPSAW08[ IRPSAW09j 
by using Dommguez's theorem. Masa MasOS generalized his characterization of 
tautness to Riemannian foliations such that the closures of the leaves define a com- 
pact foliation. In |NRP12j . tenseness of transversally complete Riemannian foliation 
of dimension one was proved based on a technique of [MS85I , which is special in 
dimension one, and the following question was posed: 

Question. Is any complete Riemannian foliation strongly tense? 

See Section 11.41 for the definition of strongly tenseness of foliated manifolds and 
the reason why we consider strongly tenseness instead of tenseness. 

In this article, we generalize Haefliger's characterization of tautness and Dommguez's 
tenseness theorem to complete Riemannian foliations under certain compactness 
condition called the unifornmess to partially answer the above question. 

1.2. Haefliger cohomology of uniform complete Riemannian foliations. 

Let M be a manifold with a foliation T . Let (£, V) be a flat vector bundle over 
M. The Haefliger cohomology H'(Ti J 7 ; £) of (M, J 7 ) with values in (£,V) (see 
Section l2~Tj) . or its cochain complex f2*(Tr T\ £), is of dynamical nature in general 
as mentioned in [Hae80] . and it is often difficult to compute them. For example, 
f^(Tr J 7 ) is isomorphic to the p-th leafwise cohomology of J 7 , where p = dim J 7 , 
by |Hae80i Corollary in Section 3.3]. On the other hand, it is less difficult to com- 
pute the reduced cohomology H*(Tr'F;£) in the sense of Hector [Hec88j . namely, 
the cohomology of the quotient of 57* (Tr J 7 ; £) by the closure of zero with respect to 
the natural topology. There is a natural map r : H'(Tr J 7 ; £) — > H'(Tr J 7 ; £). For 
a closed manifold M with a Riemannian foliation J 7 , the map r is an isomorphism 
due to Dommguez |Dom981 Theorem 3.15], which is a generalization of Masa's re- 
sult |Mas92l Section 1] in the case where (£, V) is trivial. Note that Hector |Hec88i 
Theorem 1.2] first proved that r is an isomorphism in the case where the structural 
Lie algebra of (M, F) is compact or nilpotent and (£, V) is trivial. 

Our first result is a generalization of the isomorphism under the following com- 
pactness condition weaker than the compactness of M: We call (M,J-) uniform 
if there exists a total transversal T and a relatively compact subset U of T such 
that U intersects every leaf of T . For a complete Riemannian foliation, the uni- 
fornmess is equivalent to the compactness of the space of the closures of the leaves 
of (M, IF) (see Lemma In particular, Riemannian foliations with dense leaves 
are uniform. 

Theorem 1.1. For a manifold M with a uniform complete Riemannian foliation 
T and a flat vector bundle (£, V), the natural map r : H*(Tr J-;£) — > H*(Tr T\£) 
is an isomorphism. 
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Here, a foliation is called complete if its holonomy pseudogroup is complete (see 
Definition 13.21) . Our proof is based on a version of Sarkaria's smoothing opera- 
tor |Sar78j on transversals, which is a modification of the main step of |Mas92) 
and |Dom98j . 

1.3. Duality of Haefliger cohomology of uniform complete Riemannian 
foliations. We will apply Theorem 11.11 to show certain duality of Haefliger coho- 
mology of uniform complete Riemannian foliations to extend duality, known in the 
case where M is compact. For this purpose, we extend the well known duality 
between £f"(Tr J-;£) and the basic cohomology to complete Riemannian foliations 
with flat vector bundles. 

Theorem 1.2. For a manifold M with a complete Riemannian foliation J- and a 
flat vector bundle (£, V), we have H' c {TvF:,£) = H n ~' (M, T\ £* <S> O v )* , where O v 
is the orientation bundle ofTM/TJ r and H'(M,!F]£*®O v ) is the basic cohomology 
of (M, J-) with values in £* ® O v . 

In the case where £ is trivial, it is already known ALM08, p. 598]. In the 
case where M is compact, more general duality for the whole spectral sequence 
associated to Riemannian foliations was proved by Alvarez Lopez [AL89a . 

Combining Theorems 11.11 and 11.21 with the twisted Poincare duality of the basic 
cohomology due to Sergiescu |Ser851 Theoreme I] , we can compute H * (Tr J"; £ ) as 
follows. Let V be the Sergiescu's orientation sheaf of (M, _F), which was introduced 
in |Ser85i Section 1]. 

Corollary 1.3. Let (M,J-) and (£, V) be like in Theorem ] 1. 11 Let n be the codi- 
mension of (M, J-). 

(i) We have dim H'(Tr T\ £) < oo. 

(ii) If M is connected and rank £ = 1, then H®(Tr J 7 ; £) is isomorphic to R or 
0. 

(iii) If M is connected, then H®(TrT; V) = R. 

(iv) We have H'(TrF\ £) H^~ m {Tr T\ £ * ® V*)* . 

Corollary [T3] was first proved in the case where M is compact, £ is trivial and the 
structure Lie algebra of T is compact or nilpotent by Hector [Hec881 . Masa |Mas921 
Duality theorem] proved it in the case where M is compact and £ and V are trivial. 
Dommguez IDom98| Theorem 5.2] proved it in the case where M is compact and 
£ and V may be nontrivial. 

Let G be a Lie group, and q the Lie algebra consisting of right invariant vector 
fields on G. Let M be a manifold with a G-Lie foliation F with dense leaves and 
a flat vector bundle (£, V). Since such (M, J 7 ) is clearly complete and uniform, 
Corollary 1 1.2 1 is specialized to the following (see also Lemma 1571)) . 

Corollary 1.4. We have H'{Tr T;£) = H.(g;£ ) H'{g;£*)*, where £ is the 
space of basic sections of £ on M which naturally admits the structure of a Q-module. 

Corollary [T73] in this case directly follow from Corollary [L~4] and the Poincare du- 
ality of Lie algebra cohomology (see IKna881 Theorem 6.10]), where V corresponds 
to detg. 

1.4. Characterizations of strongly tenseness. We briefly review strongly tense- 
ness of foliated manifolds introduced in |NRP12j . As seen in the work of Kamber- 
Tondeur KT 83bj and Dommguez Dom98], tenseness of compact manifolds with 
Riemannian foliations is a cohomological property which can be regarded as a 
twisted version of tautness. The crucial fact |KT83b[ Eq. 4.4] in their work is 
the following: On a compact manifold with a Riemannian foliation, the mean cur- 
vature form of any tense metric is closed. For more general foliated manifolds, 
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tenseness is not a cohomological property. For example, it is known that there 
exists a Riemannian foliation on a noncompact manifold with tense metric whose 
mean curvature form is not closed due to Cairns-Escobales [CE97, Example 2.4]. 
For such foliations, it is difficult to relate tenseness with cohomology like in the 
work of Haefliger [Hae80 . Motivated by this fact, the following notion was intro- 
duced in [NR P12] : A foliated manifold (M, J-) is called strongly tense if M admits 
a Riemannian metric such that the mean curvature form of J- is basic and closed. 

In the second part of this article, first we will show that strongly tenseness 
of compact foliated manifolds admits a Rummler- Sullivan type characterization 
(Proposition 17. 5p , which shows that strongly tenseness of foliated manifolds is a 
version of tautness twisted by a flat line bundle. Then we introduce the notion of 
strongly tenseness with a prescribed flat line bundle (£, V) (Definition 17. 7p . and 
show its Haefliger type characterization. To state the result, we introduce the 
following terminologies. 

Definition 1.5. Let (£, V) be a flat line bundle over a manifold M with holonomy 
homomorphism hol(V) : tx\M — > Aut(R). Let h\(£) denote the composite of 

hol(V) . . , _ log l-l m 

ttiM — -J- Aut(R) R x R . 

We will say that (£, V) is basic if hi(£ ) belongs to the basic cohomology H 1 (M, F). 

Note that the last terminology is not standard. By definition, if (M, J 7 ) is 
strongly tense with (£, V), then (£, V) is basic. 

Definition 1.6. Let £ be a trivial line bundle over a manifold T. A section £ 
of £ is called nonnegative if £ is identified with a nonnegative function under a 
trivialization of £. For such a section £, let 

sup P+ £:={zeT|£(z)^0}. 

Now the Haefliger type characterization of strongly tenseness is as follows. 

Theorem 1.7. For a closed manifold M with an oriented foliation J- and a topo- 
logically trivial basic flat line bundle (£, V) over M , the following are equivalent: 

(i) (M, J-) is strongly tense with (£, V). 

(ii) There exist a total transversal T of (M, J 7 ) and a nonnegative section £ £ 
Q®(T;£) such that supp + £ intersects every leaf of T and dy£ — in 

(hi) For any total transversal T of {M,J-), there exists a nonnegative section 
£ £ f2°(T;£) such that supp + £ intersects every leaf of J- and c?v£ = in 
nl(Trf;£). 

Clearly the conditions (iii) in the last theorem is invariant under equivalences of 
pseudogroups. Thus we get the following consequence. 

Corollary 1.8. Strongly tenseness of compact foliated manifolds is a transverse 
property; namely, it is determined by the equivalence class of the holonomy pseu- 
dogroup. 

Moreover, we will extend the Haefliger type characterization of tautness and 
strongly tenseness to noncompact foliated manifolds fTheorem l9.8l) by introducing 
a modified version of Haefliger cohomology. 

1.5. Tenseness theorems. By combining consequences of Theorems 11.11 with the 
characterization of strongly tenseness in terms of Haefliger cohomology (Theo- 
rem we will prove the following result. 
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Theorem 1.9. Let M be a connected manifold with a uniform complete Riemann- 
ian foliation J- '. If there exists a basic flat line bundle (£, V) over M such that 
Hj(Tr J-]£) = M, then (M, J 7 ) zs strongly tense with {£, V). In particular, (M, J 7 ) 
is strongly tense. 

See Definition 1 7 . 71 for the definition of strongly tenseness with £ . We will see that 
the nontriviality of H° (Tr J 7 ; £) is equivalent to ff c °(TrJ;^) = R (Theorems O 
and [63(h)). 

Under the assumption of Theorem ll.9l it is not difficult to see that H° (Tr J 7 ; 7-") = 
R (see Theorems 16.21 and I6.7l (ii)). where V is the Sergiescu's orientation sheaf of 
(M, J 7 ). Since is always basic, we get the following corollary of Theorem 11.91 

Corollary 1.10. Any uniform complete Riemannian foliations are strongly tense. 

Remark 1.11. Theorem 11.91 generalizes Dommguez's tenseness theorem |Dom98 , 
which says that any Riemannian foliation on a closed manifold is tense. In the case 
where M is compact, Theorem ll.9l is essentially equivalent to Dommguez's theorem 
(see Remark l8.4[) . 

If (M, J 7 ) is strongly tense with the trivial flat line bundle, then (M, J 7 ) is taut 
by definition. Thus we get the following generalization of one direction of Masa's 
characterization |Mas921 Minimality theorem] of tautness of Riemannian foliations 
on compact manifolds. 

Corollary 1.12. A connected manifold M with a uniform complete Riemannian 
foliation T is taut if H®(Tt J 7 ) is nontrivial. 

Remark 1.13. There will be no direct generalization of the other direction of Masa's 
characterization of tautness to Riemannian foliations on noncompact manifolds, 
because simple examples show that H® (Tr J 7 ) may be trivial for taut Riemannian 
foliations T on noncompact manifolds M (see Example l9.2[) . 

As a special case of Corollaries 11.101 and 11.121 we get the following. 

Corollary 1.14. Any Lie foliation with dense leaves are strongly tense. Any Lie 
foliation with dense leaves are taut if the structure Lie algebra is unimodular. 

Organization of the article. Sections [2] and [3] are devoted to recall fundamental 
notions and results. We will prove Theorem 11.11 for complete parallelizable pseu- 
dogroups in Section U and for general complete Riemannian pseudogroups in Sec- 
tion [5] Section [5] is devoted to prove Corollary 11.31 We will prove Theorem 11.71 
in Section [71 which is independent of the preceding sections. In Section [SI we will 
prove Theorem 11.91 for compact foliated manifolds. In Section [9[ Haefliger type 
characterization of strongly tenseness (Theorem 11.71) is generalized to noncompact 
foliated manifolds. In Section [TU1 we will prove Theorem II .91 

Acknowledgment. This work originated from the discussion with Gilbert Hector 
about the alternative proof of Masa and Dommguez's theorems via Haefliger co- 
homology. The author is very grateful to him for so much stimulating discussions. 
Lemma 16.41 is due to him. The author is very grateful to Jesus Antonio Alvarez 
Lopez for helpful discussion, the guidance on functional analysis and many valuable 
comments on the first manuscript. The author is very grateful to Xose Maria Masa 
Vazquez for helpful discussions. 

2. Definition of Haefliger cohomology 

2.1. Haefliger cohomology of pseudogroups with values in equivariant 
flat vector bundles. Recall that a pseudogroup on a manifold T is a collection 
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of diffcomorphisms between two open sets of T which contains the identities and is 
closed under composition, inversion, restriction and union. Let H be a pseudogroup 
on a manifold T. Let (£, V) be a flat vector bundle over T. The following notion 
is a variant of the one used in |Hae851 Section 3.2]. 

Definition 2.1. An %-action on (£ , V) is an assignment of each ft S H to an 
isomorphism ft* : (£|Dom/i, V) — > (£\i m h, V) which covers ft such that 

(i) ft* |t/ = (ft |c/)* for any open set U C Domft and 

(ii) (ft 1 oft 2 ), = ft 1 oft 2 if Im ft 2 C Domft 1 . 

An %- equivariant flat vector bundle over T is defined to be a flat vector bundle over 
T endowed with an 'H-action. 

Example 2.2. Let G be a Lie group and L a dense subgroup of G. Let 7 : 
G — > GL(V^) be a representation of G on a finite dimensional vector space V. 
Consider a trivial flat vector bundle (£, V) over G whose fiber is V, namely, £ = 
G xV -> G. For ft e L, lift the right product R h : G -> G to £ -> £ by 
Rh(g, x) = (gh, r y(h~ 1 )(x)). Let % be the pseudogroup on G generated by the right 
T-action. Then [£, V) is an H-equivariant flat vector bundle over G. 

Let ti°(T;£) be the space of differential forms on T with values in £, and A^ 
the subspace of f2*(T; £) consisting of finite sums of elements of the form ft* a — a 
for ft £ % and a G Q*(T;£) such that suppa C Imft. Let 

ni{T/H;£) :=n' c (T;£)/A' n . 

Since V is preserved by ft, for any h € T-L, the covariant derivative dy : ^'(^5 £) ~~ ^ 
^• +1 (T;£) commutes with ft*. Thus we get d v : CL' C (T /H; £) -> tt* c +1 {T /%;£). 

Definition 2.3. The cohomology of the complex (il'(T/'H;£),d\r) is called the 
Haefliger cohomology of "H with values in (£, V) and denoted by H'(T/Ti; £). 

Remark 2.4. It is well known that the Haefliger cohomology is a part of the spectral 
sequence associated with T (see, for example, [ALM08| Section 28]). Sec CM04, 
Section 7] for the explanation on the relations with other cohomologies associated 
with foliated manifolds. 

We topologize Q'(T;£) with the natural topology (see |dR84i Section 9]) called 
the LF-topology. In this topology, a sequence {ai}°°^ 1 in Q*(T;£) converges to a if 
and only if there exists a relatively compact subset K of T such that supp a, C K 
for large enough i and lim^oo \ \a — on\\k = for any k, where || • \ \k is a C fc -norm on 
n m c (T;£). Since A^ is not closed in fi"(T;£) in general, the complex Vt' c {T /%;£) 
may not be Hausdorff with the quotient topology. The quotient of f2"(T '/%;£) 
by the closure of is denoted by Sl*(T/'H;£) and its cohomology is denoted by 
H'{T /%;£). Partly following |Hec88j . H*(T/H;£) is called the reduced Haefliger 
cohomology. We have a canonical map 

r : H'{T/U;£) — ► H' C {T/U;£) . 

The maximal degree component of the Haefliger cohomology is easy to compute 
as follows. 

Proposition 2.5. Let % be a pseudogroup on an n-dimensional manifold T. Let 
Ot be the orientation bundle of T. If the orbit space T /% is connected, then 
H?(T/H; O t ) = H?{T/H; O t ) = M. 

Proof. Let L be the subspace of H™(T; Ot) defined by 

L = {J2j=i[ a } - h*[a] I supper C Domfti, 1 < j < k] . 



HAEFLIGER COHOMOLOGY OF RIEMANNIAN FOLIATIONS 



7 



By the last part of the cohomology exact sequence of 

A' n n«(T; O t ) Q°{T/H-, O t ) , 

we get that H r c l (T /H;G T ) = H^{T;O t )/L, which implies H r c }{T /H;G T ) = K by 
the assumption. Then L is closed in H™(T; Ot)- So we have 

H 7 c l {T/H-,0 T ) = H?(T;0 T )/L = R. □ 

Remark 2.6. Haefliger |Hae801 Section 1.1] dchncd morphisms and equivalences 
between pseudogroups. Throughout this article, we will follow this terminologies. 
By |Rai091 Theorem 2.5], this equivalence of pseudogroups is equivalent to the 
Morita equivalence of the groupoids obtained from the pseudogroups by taking 
germs. Twisted Haefliger cohomology is invariant under the equivalence in the 
following sense: If we have an equivalence from a pseudogroup T-L\ on T\ to a 
pseudogroup H. 2 on T 2 and an "Hi-equi variant flat vector bundle £\ over Ti, there 
exists an %2-equivariant flat vector bundle £ 2 over T 2 and satisfies H m (Ti/7ii;£i) — 
H'{T 2 /U 2 ;£ 2 ). 

2.2. Haefliger cohomology of foliated manifolds with values in flat vector 
bundles. Let (M, J 7 ) be a foliated manifold. Let (£,V) be a flat vector bundle 
over M. A transversal of (M, J-) is an immersion T — > M which is transverse to 
the leaves of T by definition, but throughout this article we regard T as a subset 
of M. Recall that a transversal T of (M, J 7 ) is called total if it intersects every leaf 
of T . For any total transversal T of (M , IF) , we have the holonomy pseudogroup 
Hol(T) of (M, F) on T. For any leaf path 7 which connects two points of T, we 
can consider the parallel transport along 7 on (£, V), which gives a Hol(T)-action 
on £\t- Throughout this article, such Hol(T)-equivariant flat vector bundle on T 
obtained from (£, V) will be denoted by the same symbol {£, V). We topologize 
H*(T; £) with the LF-topology like in the last section. The following result is proved 
in a way analogous to [HaeSOl Corollary in Section 1.2], based on the fact that the 
equivalence class of Hol(T) is independent of the choice of T. 

Proposition 2.7. The isomorphism classes of the topological differential complexes 
(fi*(T/Hol(T); £), dy) an d Hol(T); £), dy) ore independent of the choice of 

T. 

Thus the following is well-defined. 

Definition 2.8. For a foliated manifold (M, F) with a total transversal T and a 
fiat vector bundle (£, V), let 

n'(TrF;£) :=tf c (T/H;£) , 
H' c (TvT;£) := H* (n*(T/W; £), dy) 

and H' (Tt £) is called the Haefliger cohomology of (M, J 7 ) with values in {£, V). 
The complex Q* (Tr J 7 ; f ) and the reduced Haefliger cohomology H * (Tr J 7 ; f ) are 
similarly defined. 

3. Fundamental notions on pseudogroups 

3.1. Riemannian pseudogroups and its structure theory. Let us recall the 
following fundamental notions. 

Definition 3.1. A pseudogroup H on T is called Riemannian if there exists a 
Riemannian metric g on T such that h*g = g on Dom/i for any h £ T-i. 
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Definition 3.2. A pscudogroup H on T is called complete if, for any two points 
x, y E T, there exists open neighborhood U x (resp., U y ) of x (resp., y) in T such 
that, for every h £ H and z S U x O Dom /i with h(z) S f/j,, there exists some h E H 
so that [/a; C Dom ft, and the germs of h and h at z are equal. 

Let us recall the structure theory of complete Riemannian pseudogroups due to 
Salem [Sal88 , which is analogous to the Molino's structure theory of Riemannian 
foliations on compact manifolds. A vector field X on T is called %-invariant if 

X = X on Im h for any h E H. 

Definition 3.3. A pseudogroup TL on T is called parallelizable if there exist %- 
invariant vector helds X%, . . ., X n on T such that {X\, . . . , X n } gives a trivialization 
of the tangent bundle of T. Such collection {Xi, . . . , X n } of "H-invariant vector helds 
is called a parallelism of %. 

The following is an important class of parallelizable pseudogroups, which appears 
in the structure theory. 

Definition 3.4. For a Lie group G, a pseudogroup TL is called of G-Lie type if H 
is equivalent to a pseudogroup on G generated by the right action of a subgroup of 
G. 

Remark 3.5. Note that this terminology is not common while the notion itself is 
common. Note also that the terminology Lie pseudogroup is commonly used for a 
different object. 

We need the following part of the analog of the Molino theory for complete 
Riemannian pseudogroups due to Salem. 

Theorem 3.6 f [Sa!88l Corollaires 1 and 2], see also |Mol88l Appendix by Salem]). 
Let % be a complete Riemannian pseudogroup on a manifold T. Let T# be the 
orthonormal frame bundle over T . The pseudogroup on T# naturally induced 
from H is complete parallelizable. In general, for a complete parallelizable pseu- 
dogroup on whose orbit space is connected, the following holds: 

(i) The space T 9 of the closures of the T-t -orbits in I* is a smooth manifold 
and the projection T^ — > T^ /T-C' is a submersion. 

(ii) There exists a connected and simply- connected Lie group G such that, for 
each point of x E T b /H h , th ere exists an open neighborhood U of x in 
T^/T-L^ such that 'H l '| 7r -i((7) is eguivalent to the pseudogroup on U x G 
which is the product of the trivial pseudogroup on U and the pseudogroup 
on G generated by the right action of a dense subgroup of G. 

3.2. Uniform pseudogroups. We introduce the following notion according to the 
terminology for subgroups of Lie groups. 

Definition 3.7. A pseudogroup H over T is called uniform if there exists a rela- 
tively compact subset U of T whose H-orbit is equal to T. 

For a complete Riemannian pseudogroup, the uniformness is characterized as 
follows. 

Lemma 3.8. A complete Riemannian pseudogroup H over T is uniform if and 
only if the space T/T-i of orbit closures is compact. 

Proof. Let and T-L^ be like in Theorem 13. 61 Since T^/H# is a smooth manifold 
by Theorem 13. 61 - (i). it is easy to see that is uniform if and only if T#/H# is 
compact. Then the proof is done because clearly T-L is uniform if and only if is 
uniform, and T# /%# is compact if and only if T/H is compact. □ 
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4. HAEFLIGER COHOMOLOGY OF UNIFORM PARALLELIZABLE PSEUDOGROUPS 

4.1. The main result of this section. Sectionals devoted to prove the following 
result, namely, Theorem ll.il for parallelizable pseudogroups. 

Theorem 4.1. For a uniform parallelizable pseudogroup % on a manifold T and an 
T-L-equivariant flat vector bundle {£, V) over T , the natural map r : H°(T/7i; £) — > 
H°(T/H; £) is an isomorphism. 

Note that the completeness is not assumed in this theorem. 

4.2. Sarkaria's smoothing operators on parallelizable pseudogroups. Let 

K be a pseudogroup on a manifold T. We assume that H is parallelizable with 
parallelism {X\, . . . , X n }. Let V be the real vector space generated by X%, . . ., X n . 
We fix a compactly supported volume form fx on V. We assume that the time one 
map of the flow generates by any X £ V is well-defined on T, which is denoted by 
4>x- The operator 

a: tT e (T;£) — ► n* c (T;£) 
() « — ► f v (F x a)n(X). 

is called a smoothing operator on T . 

This operator s is a transverse version of Sarkaria's smoothing operator |Sar78j . 
Masa [Mas92j and Domingucz Dom98j used Sarkaria's smoothing operators on 
compact manifolds, which are Hilbert-Schmidt integration operators and hence 
compact with respect to the natural topology |Sar78[ Eq. 13 of p. 694]. Note 
that even if H is the holonomy pseudogroup of a compact foliated manifold, T 
may be noncompact. In that case, s may not be a compact operator in general. 
To avoid this problem of the noncompactness, we can use the restriction of the 
smoothing operators on relatively compact subsets. The following is well known as 
a step of the proof of Rcllich-Kondrachov theorem (see |Eva 99. Step 5 of the proof 
of Theorem 1 in Section 5.6]). 

Lemma 4.2. For a relatively compact subset U ofT, the restriction of the smooth- 
ing operator s : Q*(J7;£ \u) — > fl'(T;£) is compact. 

4.3. Masa's decomposition via smoothing operators. Let H be a uniform 
parallelizable pseudogroup on T. Let (£, V) be a transverse flat vector bundle over 
T. By the uniformness of TL, the flow generated by any %-invariant vector field 
is well-defined on T. So we can consider the smoothing operator s : Q.*(T;£) — > 
51* (T; £) defined in ([TJ. Let U be a relatively compact subset of T whose H-orbit is 
equal to T. We take {hi}°^ l c H so that U = {hi{U)}°^ 1 is a locally finite covering 
of T. Let {pi} be a partition of unity on T subordinated to U. We get a map 

$ w : Cl' c (T;S) — ► SK(U;£\u) 
a i — > T,Zi h i(Pi a ) ■ 

Let s be the composite 

£) -^U- Q'(U;£\u) — ^-»- £) . 

Here s is compact by Lemma 14.21 Since the composite of any continuous operator 
with a compact operator is compact, s is compact. We will apply the following 
fact. 

Theorem 4.3 (see |RR801 Corollary 2 in Section VIII]). Let B be a Hausdorff 
locally convex topological vector space and a : B — > B a compact operator. There 
exists r € Z>o such that 

B = kcr(l - a) r ® Im(l - a) r , 
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where ker(l — a) r is closed and of finite dimension, Im(l — a) r is closed and 

ker(l - cr) r = ker(l - a) r+1 , 
Im(l - a) r = Im(l - a) r+1 . 
By this proposition, we get a positive integer r and a decomposition 

Q' c {T;£) = K'®r , 
where K' = kcr(l — s) r and I* = Im(l — s) r so that the properties mentioned 



in Theorem 14.31 are satisfied. Since is locally convex and invariant under s, 
Theorem 14.31 also yields another decomposition with similar properties 



4 = (A^nr)e(4nr). 

Thus we get a decomposition 

(2) n' c (T/H; £) = n-(T; £)/AV_ = (#7(AV. n if)) © (l'/(A' n n /*)) . 
Note the following well known fact (see, for example, |Tre67[ Theorem 9.1]). 

Proposition 4.4. A finite dimensional Hausdorff topological vector space B over 
K is isomorphic to R dlmB with the product topology. In particular, every subspace 
of B is closed. 

By this proposition, n K' is a closed subspace of K'. Then K' / (AV_ n K') 
is Hausdorff. Letting 3* = K'/{K' U n K') and T* = I'/(A^ n I'), we get the 
following. 

Proposition 4.5. There is a decomposition as a differential complex 

(3) fl' c (T/H;£) = 3* © T # 

swc/i t/ia£ 

(i) 5* is Hausdorff of finite dimension, 

(ii) (1 — s) r is i/ie second projection Q'(T/H; £ ) — ► T* and 
(hi) (1 — s) r+1 is a differential automorphism o/TV 

Let O be the closure of in n'(T/H;£). Since 5* is Hausdorff by Proposi- 
tion |L5]-(i), O is a subcomplex of TV Thus, by taking the quotient of the both 
sides of d3]) by O , we get a decomposition of Q,*(T /%;£). Here § induces a map 
h'(T/H;£) -» ?T C (T /%]£), which is denoted by the same symbol s. The following 
proposition is a direct consequence of Proposition 14.51 

Proposition 4.6. There is a decomposition of a differential complex 

(4) Qr c {T/%;£) =3*©T70* 
sitc/i i/iai 

(i) (1 - s) r is </ie projection Vf c {T/U;£) -> T'/O* and 

(ii) (1 — s) r+1 is a differential automorphism o/TV/O . 

4.4. Acyclicity of Y* and TV/ O . We will use the notations V, <j>x and /i in 
Section Ol Let 

h: fl' c (T;£) — > n^W) 

We show 

Lemma 4.7. For a e ^*(^; £)> we have 

J f^j a — sa = (d^h + hdy)a . 
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Proof. For a vector field X on T, the inner product and the Lie derivative with 
respect to X on D,'(T;£) is denoted by l(X) and 0(X), respectively. Then 




= - j (J ((d v i(tX) + i{tX)d v )<f>* tx a)dt \ (i(X) 

= (d^/h + hd\j)a . □ 

Fix \x so that JyfJ- = 1. Since i(X) commutes with the "%-action, we get a 
continuous map h : W C {T/U]£) -> Ci'(T/H;£). 

Proposition 4.8. We have H'(T*) = and H'(E m ) = H'(T/%;£). 

Proof. Note that s and s induce the same map on J7*(T/"H;f) by definition. Let 
a be a cocycle of TV By Proposition 14.51 - fiii) . there is a cocycle (3 of T* such that 
(f — s) r+1 (3 = a. By Lemma T4. 71 we get 

a = (1 - s) r+1 (3 = (1 - s) r (d v h + hd v )/3 = d v (l - s) r h{3 . 

Here, (1 — s) r hf3 belongs to T* by Proposition 14.51 - fii) . Thus a is a coboundary in 
T*, which implies H'(T') = 0. The second equation follows from H'(T°) = and 
Proposition ^. 51 □ 

Here h induces a map h m c (TfH;£) f2'- 1 (T/'H; £) by its continuity. The 
following is proved in a way analogous to Proposition 14.91 bv using Proposition 14.61 

Proposition 4.9. We have ff*(T*/0*) = and H'(E') = H'(T/rL;£). 

Thus Theorem 14.11 follows from Propositions 14.81 and 14.91 

5. HAEFLIGER COHOMOLOGY OF UNIFORM COMPLETE RlEMANNIAN 

PSEUDOGROUPS 

In this section, we will extend Theorem 14.11 from uniform parallelizable pseu- 
dogroups to uniform Riemannian pseudogroups, from which Theorem 11.11 follows . It 
will be done by a well known method based on equivariant cohomology (see |AL89bj , 
[Mas92[ Section 2] and [Dom98 ( Theorem 3.7] for similar arguments for Riemann- 
ian foliations). First we will review the method. Let K be a connected compact 
Lie group with Lie algebra I. Recall that the Cartan complex of a 6-dga (A* , d) is 
defined by 

(5) CJ(A-):=((Ve*)®^) 9=0 . 

where V t* denotes the symmetric algebra of 6* and the subscript 6 = means the 
subspace invariant under the diagonal J-action. The grading of C'(A') is given by 
C{{A') = 2fe+£=J ((V fe r) (g) A £ ) e=0 . Here C*{A') is a differential complex whose 
differential d{ is defined by 

(cku))(X) := d(w(X)) - l(X){uj(X)) 

for let, where we regard w 6 C'(A') as a 6-equivariant polynomial map t—*A°. 
Let 

(6) ^=0,6=0 := W G A' | i(X)u> = 0, 9(X)u, = 0, VX E «} , 
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which is a subcomplex of (A', d). We have a natural differential map 

e:(AU ^ ,d)^(C^A'),d t ) 

induced from the canonical inclusion. We refer to [GHV76, Definition 8.1] for 
the definition of an algebraic connection. (Note that, in this reference, a t-dg 
module is called a graded vector space with an operation of t, see [GHV76, Defi- 
nition 7.1].) The following is well known (for example, see |GHV761 Theorem IV 
in Section 8.17]), which corresponds to the fact that the equivariant cohomology 
of a manifold with a free action of a connected Lie group is isomorphic to the 
cohomology of the quotient. 

Theorem 5.1. If a t-dga (A*,d) admits an algebraic connection, then e induces 
an isomorphism 

H'(AU ^ a ,d)=H'(C^A'),d t ) . 

The B 1 -terms of the spectral sequence of (C'(A'),dt) with the filtration F l 
given by 

are (V t*)e=o &> H'(A*,d), which arc determined by H'(A',d). Thus we get the 
following. 

Lemma 5.2. Let f : (A*, d^) — > (£?*,de) be a homomorphism between t-dgas. 
Assume that (B'^ds) admits an algebraic connection. If f induces an isomorphism 
H*{A* ,cIa) — H'(B* ,«Zb)j then f induces an isomorphism H'(A' =0 g=0 ,dA) — > 

We will prove the following result, from which Theorem 1 1 . 1 1 direct lv follows. 

Theorem 5.3. For a uniform Riemannian pseudogroup H. on a manifold T and an 
H- equivariant flat vector bundle {£, V) over T , the natural map r : H*(T/'H] £) — > 
H'(T /%;£) is an isomorphism. 

Proof. Let tt' : T' — > T be the orientation covering of T. Let H' be the pseudogroup 
on T induced from H, and (£', V) = ((tt')*£, (tt')*V). Let tt# : T* -> T be one of 
the connected component of the frame bundle of T'. Let H# be the pseudogroup on 
T* naturally induced from W . Let {£*, V # ) = {{ir*)*£, (vr#)*V). Let { = so(q). 
It is easy to see that n'(T* /%#;£*) and n*(T#/H*;£*) naturally admit the 
structures of J-dgas with algebraic connections. 

Here is uniform and parallelizable by Lemma l3.8l and Theorem l3.6l Then, by 
TheoremHTl the natural map H'(T#/H*; £*) ->• H'(T*/n*; £*) is an isomor- 
phism. By LemmaEJlJ so is H' C {T' /%'■£') -> H'(T'/H'; £'). Clearly H*(T/H;£) 
and H'(T/H;£) are isomorphic to the Z/2Z-invariant subspace of H'(T' /%'■.£') 
and H'(T' /%';£'), respectively. Hence H'(T/U]£) -> H'(T/H;£) is an isomor- 
phism. □ 

6. Reduced Haefliger cohomology 

6.1. Pairing with the invariant cohomology. We recall the invariant cohomol- 
ogy of pseudogroups and the pairing between the Haefliger cohomology and the 
invariant cohomology. Let H be a pseudogroup on an n-dimensional manifold T. 
Let (£, V) be an H-equivariant flat vector bundle over T. Let Or be the orienta- 
tion bundle of T. Recall that a £ f2*(T;£) is said to be H-invariant if h*a = a 
on Dom/i for any h E H. Let 0*(T; £ ) H be the subcomplex of 0*(T; £) consisting 
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of 'H-invariant forms. We denote the cohomology of fi*(T; £') u by H' nv (H; £)■ The 
wedge product 

(7) f2*(T; £) x O™— (T;£*®0 T ) — > fi£(T; T ) 
induces 

(8) n' c {T/H; £) x O n — (T; £ * ® O t ) h — ► ^(T/H; O t ) 
and hence 

h' c (T/H;£) x fi n — (T;f* <8 O t ) U — > t%{T/H;0 T ) . 

If the orbit space T/H is connected, then H?(T/H; O t ) ^ R by Proposition 1231 
So, by decomposing T/'H into the connected components, we have a natural map 

(9) * : H*(T/H; £) — ► H^'(W, £* <8> O t )* ■ 

Remark 6.1. Note that the Haefliger cohomology does not admit a product in a 
natural way. This can be understood by the spectral sequence Ep l associated with 
(M, JF). Indeed, the fc-th Haefliger cohomology is isomorphic to E^ (see |ALM08l 
Section 28]), where p = dim J 7 , while the natural product is E^ 1 ' 1 X E^ 2 '* 2 — > 

J^Sl+t 2 .Si+t 2 

Sections 16.21 and 16.31 will be devoted to prove the following result, which was 
already known for the case of the trivial coefficient [ALM081 p. 598]. 

Theorem 6.2. For a complete Riemannian pseudogroup 1-L, the map \& in ([9"|) is 
an isomorphism. 

Theorem 11.21 follows from this theorem, because the invariant cohomology of the 
holonomy pseudogroup of a foliated manifold (M, J 7 ) is naturally isomorphic to 
the basic cohomology of (M, J 7 ) by definition. Theorem 16.21 will be proved by an 
argument similar to the proof of the twisted Poincare duality of basic cohomology 
of Riemannian foliations which are complete in the sense of |Ser85, Definition 1.4] 
due to Sergiescu |Ser85[ Theoreme I] . 

6.2. Duality for complete parallelizable pseudogroups. In this section, we 
show the following result, namely, Theorem 16.21 for complete parallelizable pseu- 
dogroups. 

Proposition 6.3. For a complete parallelizable pseudogroup T~L, the map ^ in @ 
is an isomorphism. 

Let G be a connected and simply-connected Lie group and q the Lie algebra 
consisting of right invariant vector fields on G. First we consider the case of pseu- 
dogroups of G-Lie type whose orbits are dense. The following lemma is due to 
Gilbert Hector. 

Lemma 6.4. For a pseudogroup % of G-Lie type generated by the right action of 
a dense subgroup of G, the map 'J in © is an isomorphism and we have 

H' C (G/H;£) = H.( 9 ;£ ) = H'(g;£*y , 

where £$ = fi°(G; £)^ which naturally admits the structure of a g-module. 

Proof. Here (£, V) is the trivial flat bundle over G because G is simply-connected. 
Since fl'(G; £*) n = Q'(G; £ *) G by the assumption on U, each element of fT(G; £*)^ 
is determined by its value at the identity of G. So, letting £q — £!°(G;£*) W , we 
have 



(10) 



n*(G;£*) n =A'd*®£o 
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Here, the covariant derivative dy : £q — > Q* ® £q determines the structure of a 
0-module on £q, and we have H' nv (TL;£*) = H'(q;£q). By (ITU1) . the composite of 
the pairing in (0 and the integration on G induces 

0:fi'(G;£) — > A*0 ® ■ 

It is easy to see that 8 is surjective. Clearly is contained in ker0, and hence 
so is A^. Take a 6 £l'(G;£) so that a ^ A^. By the Hahn-Banach theorem for 
W(G;£) which is a Frechet space, there exists v E Cl'(G;£)* such that v\A^ = 
and v{a) 0. Here v\K n = implies that v is 'H-invariant. Since TL is generated by 
a dense subgroup of G, it follows that i> is G-invariant. Thus we have v E A* B* ® 
such that v(a) ^ 0, which implies that kerO C A n . So we get 

(11) Sl'(G/H;£)^A m 0®£ o . 

Then ^ is an isomorphism for TL by (ITU)) . (fTTj) and the well known duality H,(g; £$) = 
H'(q;£q)* of Lie algebra homology and cohomology Kna88, Theorem 6.10]. We 
get the given formulas on H'(G/TL; £) at the same time. □ 

Lemma 6.5. Let T — R fc x G and assume that TL is a pseudogroup on T which is 
the product of the trivial pseudogroup on R fc and the pseudogroup on G generated 
by the right action of a dense subgroup of G. Then in © is an isomorphism for 
TL. 

Proof. Let G(0) = G x {0}. The Poincare lemmas for R k implies 

H' c + k (T/H;£) = H:(G(0)/n\ G(a y,£\ Gio) ) , 

H' nv (TL;£*) = H' nv (TL\ G ( y,£*\ G (o)) . 

Thus the claim follows from the case of the pseudogroup TL\ G (oy which is of G-Lie 
type (Xemma l6.4p . □ 

Proof of Provosition \6.S\ By Theorem l3.6[ T /TL is a smooth manifold and, for each 
point x E T/TL, there exists an open neighborhood U of x such that U « M. k and 
W^-i-vu) is equivalent to the pseudogroup on U x G which is the product of the 
trivial pseudogroup on U and the pseudogroup of G-Lie type generated by the 
right action of a dense subgroup of G. Thus, Lemma 16.51 implies that ^ is an 
isomorphism for such H\„-i(jj). Then, a well known argument using the Mayer- 
Vietoris sequences and the five lemma (see |Ser851 Proof of Proposition 2.4]) implies 
that ^ is an isomorphism for TL. □ 

6.3. Duality in the general case: Proof of Theorem 16.21 Theorem 16.21 is 
deduced from Proposition 16.31 by the comparison of two spectral sequences similar 
to |Ser851 Demontration du theoreme I] and |RPSAW09l Sections 4.7 and 4.8]. Take 
T#, H#, £% T', TL' and £' like in the proof of Theorem 15.31 We similarly define 
(£*)#, {£*)', O* and Q' T . Let t=so(q). First, we show that "J is an isomorphism 
for TL' , namely, 

(12) * : H'(T'/n';£') A H™~'(TL'; (£*)' <g> 0' T )* . 

We consider the spectral sequence Ep* of £l s c +t (T#/TL#; £ # ) given by 

F s VL s c +t {T* /%*;£*) ={a \ i(X ) ° • • • o i(X t )a = 0, X t E f} . 

Here it is easy to see that Ep l converges to H°(T# /TC&; £#) and the E^-terms are 
given by 

(13) E s / S H s c (T'/TL';£')®H t {SO(q)) . 
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We consider another spectral sequence. Define a nitration of Q*(T#; (£ *)#®0*) w * 
by 

(14) F s n s+t (T* ;(£*)* ®0*) H * = {a \ l(X ) o • • • o t(X t )a = 0, X t E «} . 

Let C' H# = (Q'(T # ; (£*)* ® 0*) H *)* be a complex whose differential is dual to 

d\r. Let E r ' be the spectral sequence of with the filtration dual to (fl"4"|) . which 
is defined by 

F S C S +' = {v | v(a) = 0,Va £ **»-•£)»-(«+*) (T#; (£*) # <g> C#) w# = 0} , 

s f 

where m = dimso(<7) = q(q — l)/2. Here it is easy to see that E r ' converges to 
E* V (H # ; {£*)* ®Of)* and the £ 2 -terms are given by 

(15) Ef = H? m (W- (£*)' ®0' T )*® H*(SO(g))* . 

Since is complete and parallelizable, Proposition 16.31 implies that "J induces 
an isomorphism H' nv (H*;£*) = H^'{U*\ {£*)* ® Of)* between the Soo-terms 
of the two spectral sequences. Then, by Moore's comparison theorem (see, for 
example, [McCOl] ). *f? induces an isomorphism E^ 1 = E & 2 ' . Then (|12p follows 
from CE3]) and fljft. The isomorphism H'{T/n-£) H^'(H;£* <8> £>t)* follows 
from (IT21 like in the last part of the proof of Theorem 15.31 

6.4. Proof of Corollary 11.31 By using Theorems 11.11 and 16.21 we will prove the 
following pseudogroup version of Corollary 1 1.31 

Corollary 6.6. Let n be a uniform complete Riemannian pseudogroup on an Tri- 
dimensional manifold on T. Let £ be an H-equivariant flat vector bundle £ over 
T, and V the Sergiescu's orientation sheaf. Then we have the following. 

(i) We have dim H'(T/H; £) < oo. 

(ii) If M is connected and rank£ = 1, then H®(T/'H; £) is isomorphic to M or 
0. 

(iii) If M is connected, then H° C {T/H;V) = R. 

(iv) We have H'(T/H;£) = H' c l —{T/U; £* <8> V*)* . 

Corollary 11.31 follows from Corollary 16. 6[ because the invariant cohomology of 
the holonomy pseudogroup of a foliated manifold (M, J-) is naturally isomorphic 
to the basic cohomology of (M, J 7 ) by definition. In turn, Corollary 16.61 follows 
from Theorems 11.11 and 16.21 and the following result on the invariant cohomology 
of complete Riemannian pseudogroups. 

Theorem 6.7 ((iii) and (iv) are due to [Hae851 Proposition 3.2.9.1]). Under the 
same assumption with Corollary 1 6. 61 the following holds: 

(i) We have dim H* m {U; £) < oo. 

(ii) IfT/n is connected and rank£ = 1, then H^ V (H; £) is isomorphic to R 
or 0. 

(iii) If TIU is connected, then H^(H\V) = R. 

(iv) There is an isomorphism H^ v {%; £) = Hl l m '(n; £* <g> V)* . 

Theorem 16. 71 (i) and (ii) are proved by the pseudogroup version of the argument 
due to El Kacimi-Alaoui-Sergiescu- Hector EKASH85 . Hacfligcr's proof of Theo- 
rem [H2i (hi) and (iv) is the pseudogroup version of the proof of Sergiescu |Ser851 
Theoreme I]. 
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7. Strongly tenseness of foliated manifolds 

7.1. Definitions and Rummler's formula. Recall that the mean curvature form 
of a foliated Riemannian manifold (M, _F, g) is the one-form k on M such that k x 
is the mean curvature form of the leaf of T through x (see, for example, [CCOO, 
Section 10.5] for formulas of K in terms of g). We recall the following classical 
definition. 

Definition 7.1. A foliated manifold (M, F) is called taut (resp., tense) if M admits 
a metric g such that the mean curvature form of [M, T,g) is trivial (resp., basic). 

The following notion was introduced in |NRP12j (see Section 11.41 for the moti- 
vation) . 

Definition 7.2. A foliated manifold (M, J 7 ) is called strongly tense if M admits a 
metric g such that the mean curvature form of of (M, J 7 , g) is basic and closed. 

Let [M, g) be a Riemannian manifold with an oriented p-dimensional foliation T . 
Recall that the characteristic form x of (M, J 7 , g) is defined to be the unique p-form 
on M such that kerx = (TJ-) 1 - and x\^p TJ t is the oriented leafwise volume form 
of norm one at each point on M. We will say that x G Q P (M) is a characteristic 
form of (M, J 7 ) if there exists a metric g on M such that \ is the characteristic 
form of (M,J-,g). By the Rummler's formula |Rum79| . the mean curvature form 
K of (M, J 7 , <?) is given by 

(16) K (Y) = -d X (Y,E 1 ,...,E p ) , 

for any vector field y on J7, where {-Ei, . . . ,E p } is a local oriented orthonormal 
frame of TT\u- 

7.2. Rummler- Sullivan type characterization of strongly tenseness. Let 

M be a manifold with a p-dimensional foliation J 7 . Let (£ , V) be a flat vector 
bundle over M. We recall the following terminologies. 

Definition 7.3. We call ui <E f2*(A/;£) an F-trivial form if t(Ai) o i{X%) o • •• o 
t(X p )ui — for any vector fields Xi, X2, . . ., A p tangent to J 7 . We call w G f2*(M; £) 
relatively T-closed if c?v w is ^-trivial. 

In terms of .F-trivial forms, (fTTpj) is expressed as follows: 

Lemma 7.4. For a foliated Riemannian manifold (M, J 7 , g) with characteristic 
form x and mean curvature form n, there exists an J- -trivial form f3 such that 

(17) d X = -KA X + l3. 

In this section, we will use the following two terminologies, which are not com- 
mon: For a possibly non-orientable foliation J 7 on a Riemannian manifold (M, g) 
and any connected simply-connected open subset U of M, we have two character- 
istic forms x on {U,J-\u,g\u) depending the choice of the orientations of T\u- We 
call such x a local characteristic form of (M, J 7 , g). For a line bundle £ over M, a 
section of {£ — 0)/{±l} is called a nowhere vanishing double section of £ . 

Proposition 7.5. For a foliated Riemannian manifold (M, J 7 , g), the following are 
equivalent: 

(i) The mean curvature form n of (M, J 7 , g) is basic and closed. 

(ii) There exists a topologically trivial flat line bundle (£, V) over M with a 
nowhere vanishing section a such that <j\l is parallel for every leaf L of 
T and x <8> & is relatively T-closed for any local characteristic form x of 
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(iii) There exists a flat line bundle (£, V) over M with a nowhere vanishing 
double section a such that o~\l is parallel for every leaf L of J- and x <8> a 
is relatively T -closed for any local characteristic form \ of (M, J 7 , g). 

Proof. Let (£, V) be a flat line bundle over M with a nowhere vanishing double 
section a such that <t|l is parallel for every leaf L of T . On a connected simply- 
connected open subset U\ of M, we take a function /j on U{ so that j-tr is a parallel 
section of [£\uii V|ct;). Note that fa is basic. We get 

(18) dyo~ — dfi A —o~ = d\og A a . 

Ji 

Let p = dim J 7 . By Rummler's formula (Lemma 17.41) . for any of two local charac- 
teristic form x °f (M, J 7 , g) defined on U , there exists an ^-trivial form j3 which 
satisfies flTjJ). Then, by ([Tg]). we get 

dv{x®°~) = dx<S>a+ {-l) p xAd v a 

(19) =(d X +(-l) P X*dlog\f i \)®a 

= (-k + d\og\fi\) Ax® a + /3(g) a . 

Clearly (ii) implies (iii). Here (iii) implies (i) by (|19p . Indeed, if x®°~ is relatively 
J-"-closed, then, by ([T91) . we get — k + d\og = 0, which implies that n is basic 
and closed. 

We show (ii) by using (i). Assume that k is basic and closed. We regard k as a 
multiplicative homomorphism k : ttiM —> R + ; 7 i-> exp(J k). Let (£, V) be the flat 
line bundle over M whose holonomy homomorphism is n; namely, £ is the quotient 
of M x K. by the diagonal 7TiM-action, where u : M — >• M is the universal cover 
of M and the 7TiM-action on M is given by k. We consider a function £ : M — > M 
such that d£ = Then the graph of £ in M x M is invariant under the diagonal 
tt\M- action, and its quotient in £ is the image of a nowhere vanishing global section 
a of £. Since k is basic, o\l is parallel for every leaf L of J 7 . We cover M with 
open sets Ui of M and take fi G C°°(Ui) like in the first paragraph of the proof. 
Then {dlog defines a basic closed one- form, which is cohomologous to k, and 
we get a basic function h such that dh = k — n' . Then (IT5|) gives 

rfv(x ® cr) = ( rf/i A x + 0) 2> a . 
It follows that x ® e,l(J is relatively J-"-closed, which concludes the proof. □ 

Remark 7.6. As described in the last proof, there exists a correspondence be- 
tween closed one-forms on M and topologically trivial flat line bundles over M 
with nowhere vanishing sections. Here a basic closed one-form corresponds to a 
topologically trivial flat line bundles over M with a nowhere vanishing section a 
such that cr\i, is parallel for each leaf L of T . 

Let us define the following. 

Definition 7.7. We say that (M, F) is strongly tense with {£, V) if the condition 
of Proposition 17751 - (iii) is satisfied. 

The following is proved by an argument analogous to [AL92I Lemma 6.3]. 

Proposition 7.8. Let (M, J 7 ) — > (Af'jJ 7 ') be a finite covering map of foliated 
manifolds. Let T be the deck transformation group and £ a T-equivariant flat line 
bundle over M. Then (M, J 7 ) is strongly tense with {£ , V) if and only if (M',.7 7 ') 
is strongly tense with the quotient of (£, V) by T. 
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Proof. The "if" part is trivial. We show the "only if" part. It suffices to prove 
the case where JF is orientable. We assume that J- is orientable and (M, F) is 
strongly tense with (£, V). By Proposition 17.51 there exists a nowhere vanishing 
double section cr of £ and a characteristic form \ which satisfies the condition of 
Proposition 17.51 - (ii). We define e\ : L — >• {±1} by £1(7) — 1 if 7 preserves the 
orientations of the fibers of £ and £1(7) = — 1 otherwise. Take a nowhere vanishing 
double section or of £ by 

or = ^£i(7)7*cr , 

where the sum is taken in each branch of double sections. Then or is a nowhere 
vanishing double section of £ such that g*o~r = E\(g)o~Y and <jt\l is parallel for each 
leaf L of T . We have a positive basic function / on (M, J 7 ) such that a = for- 
We define £2 : T — >• {±1} by £2(7) = 1 if 7 preserves the orientations of J 7 and 
£2(7) = — 1 otherwise. Let 

*' = £ £2(7)7* (/x)- 

Then x' <x) or is relatively ^-closed. Here x' is positive along the foliation but 
it may not be a characteristic form in general. Thus we will take its Sullivan's 
purification |Sul79j : Let w : C°°{TM) -> C°°{TF) be the C^-linear projection 
map determined by 

i(tn(X))(x'| APT _ F ) = (i{X)x')\ hP -i TJ r , 

which is well-defined by the fact that x' | y\p tt 1S a l^fwise volume form of T . Let 
Xr = zv* (x' I ^ P Tjr ) ■ By the naturality of the purification, we get 7*xr = £2(7)xr- 
Since x' ® o~r is relatively J-"-closed and it is easy to see that 

t(JTi) o l(X 2 ) o • • • o l(X p ) X t = i{X{) o l(X 2 ) o • • • o l(X p ) X ' 

for any vector fields X\, X 2 , ■ . ., ^ p tangent to J 7 , it follows that xr CS 1 cr is also 
relatively ^-closed. Let g be a Riemannian metric on M whose characteristic form 
is xr- Let gr = X) 7 er7*5 anc ^ ffr = m^ii ■ Then g-p is a L-invariant metric whose 
characteristic form is xr- Thus gr induces a strongly tense metric on {M 1 , J 7 '), 
which concludes the proof by Proposition 17.51 □ 

Remark 7.9. It is not clear that, for a finite covering map (M, F) — > (A/', J 7 ') of 
foliated manifolds, if (M, J 7 ) is tense, then (M', J 7 ') is tense, while the inverse is 
trivial. 

7.3. The integration along foliations. Let M be a manifold with an oriented 
foliation J 7 of dimension p. Let (£, V) be a flat vector bundle over M. As in the 
case where £ is trivial due to Haefliger [Hae80 ;i Theorem 3.1], the integration along 
T of differential forms with values in £, 

(20) £:n' c (M;£)^Q' c -P(TTT;£) , 

is defined as follows. Take a total transversal T and an open covering {Ui}i e i of 
M so that 

(i) Ui is simply connected, 

(ii) {Ui}i e i is locally finite, 

(iii) T nUi intersects the leaves of J 7 ^ exactly once and 

(iv) the projection 7Tj : Ui — > T PI C/j whose fibers are the leaves of J 7 )^ is a 
disk bundle. 
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Here £\u i and £ \rr\Ui are trivial flat vector bundles for each i. So 

n- c (u i; £)^n' c (u t f k , n:crnC7i;£| T rw 4 ) ~^(rn^r , 

where A: = rank£. Then j : ^l'(U l :£) — > Vt' ( r p {U l - J £) is defined by the fc-th direct 
sum of the integration £l'(Ui) — > fl'(TnUi) along 7T.;. Then (f2"0"|) is defined by 
jjrOi = (Pi a ) f° r a £ ^c(-^i^)) where {pi}i^i is a partition of unity sub- 

ordinated to {Ui}i & i. We can show that is a well-defined surjective continuous 
homomorphism which commutes with dv as the case where £ is trivial |Hae80i 
Theorem 3.1]. 

A twisted version of the proof of |Hae801 Theorem in Section 3.2] gives the 
following. 

Lemma 7.10. The kernel of fj. is equal to the subspace of Q'(M; £) generated by 
^-trivial forms and the differential of J- -trivial forms. 

Theorem 11.71 is proved by a twisted version of the proof of |Hae801 Theorem in 
Section 4.2] with Proposition 17.51 and Lemma \7. 101 fSee Theorem 19.81 for a similar 
argument). 

8. Domi'nguez's tenseness theorem via HAEFLIGER COHOMOLOGY 

In this section, we will prove the following result. 

Theorem 8.1. A compact connected manifold M with a Riemannian foliation 
J- is strongly tense with a basic flat line bundle (£, V) over M if and only if 
.ff°(Tr J 7 ; £) = R. 

Remark 8.2. See Definition 11.51 for the definition of basic flat line bundles. Recall 
that if (A/, J 7 ) is strongly tense with (£ , V), then (£ , V) is basic by definition. 

Remark 8.3. By Theorems 16.21 and 16 . 71 (in) , under the assumption of Theorem 18. 11 
H°(Tr J"; £) = R if and only if ^(Tr J"; £) is nontrivial. 

As indicated in the following remark, this result is essentially equivalent to a the- 
orem of Domingucz [Dom98 . So our purpose in this section is to give an alternative 
proof of Domi'nguez's theorem in terms of Haefliger cohomology. The "only if" part 
of Theorem lS.ll is not difficult. We will prove the "if" part of Theorem 18. II by using 
Theorems 11.11 16.21 and 11.71 We will not use a theorem of Alvarez Lopez |AL921 
Corollary 3.5] on the closedness of the basic component of the mean curvature form 
of bundle-like metrics, which was used in the original proof due to Dominguez. 

Remark 8.4. Let M be a compact manifold with a Riemannian foliation T . By 
Theorems 16.21 and 16.71 -fiii). the Sergiescu's orientation sheaf V of (M, J-) satisfies 
(Tr J 7 ; V) = M. Thus the "if" part of Theorem lS.ll implies Dominguez's tenseness 
theorem |Dom98j , which says that any Riemannian foliation on a compact manifold 
is tense. But, by results of Alvarez Lopez [AL921 Theorem 5.2] and |AL961 Theo- 
rem 1.1], if H®(Tr J~;£) and H®(Tr JF\£) are nontrivial, then the absolute value of 
the holonomy homomorphism -K\M — > Aut(M) of (£, V) is equal to those of the de- 
terminant line bundle of Molino's commuting sheaf and Sergiescu's orientation sheaf 
V. In particular, there is essentially unique £ such that (M, T) is strongly tense 
with (£,V). In this sense, Theorem 18.11 is essentially equivalent to Dominguez's 
theorem. 

First we will prove the "only if" part, which essentially follows only from Theo- 
rems an d EES- (iii) - We note the following fact, which directly follows from the 
fact that T is Riemannian and £ is topologically trivial as an H-equivariant line 
bundle over T. 
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Lemma 8.5. Let M be a manifold with a Riemannian foliation F and a basic flat 
line bundle (£, V). Let T be a total transversal of (M, !F). For any point x £ T , 
there exists a nonnegative n-form uj £ Q n (T;£* ® 0r) Hol ( T ' which is nonzero at 
x, where the nonnegativity of to is defined in Definition ] 1.6] regarding uj as a global 
section of a topologically trivial line bundle over T. 

Proof of the "only if" part of Theorem \8.1\ By definition of strongly tenseness with 
£ , there exists a total transversal T of (M, F) and £ £ f^(T; £) so that the condition 
of Theorem ll.71 -(ii) is satisfied. Then £ gives a 0-cocycle in H® (Tr T\ £) and hence in 
H°(TrF;£). By TheoremlPl the canonical map H° (Tr F; £) -> H[ l m (Hol(T) ; £* ® 
Ot)* is an isomorphism. By Lemma l5T5l there exists uj £ £l n (T; £*®Ot) h such that 
*(£)(<*>) 7^ 0. Thusif c (Tr J 7 ; £) is nontrivial. Finally, by Theorems|Oand|0(iii), 
HciTrJ 7 ; £) = R. □ 

We will use the following observation, which is proved by using Theorem 16.21 

Lemma 8.6. Lei % be a complete Riemannian pseudogroup on a manifold T 
whose orbit space is connected. Let (£, V) be an H-equivariant flat line bun- 
dle over T which admits a nowhere vanishing H-invariant section. Assume that 
H®(T /%;£) = H®(T /%;£) = R. Then, for any relatively compact subset K of T , 
there exists a nonnegative section £ G fl^T"; £) such that K C supp + £ and e?v£ = 
in nl(T/H;£). 

Proof. We fix a nowhere vanishing H-invariant section a of £ to identify £ with the 
trivial line bundle over T. Similarly we identify f2 n (T; £ * ®Ot) with functions on T 
by using a. Then, by the connectivity of T/"H, HV a:v {'H; £* <g> X ) is identified with 
R. By Theorem [O and the hypothesis, H°{T/H; £) and H°(T/H; £) are identified 
with R. For any section £ off, let supp + £ = {x £ T £(x) > 0}. Take £ G 0°(T; £) 
which represents a positive class in H°(T '/H; £) and H°(T/H; £)■ By Theorem l6.2l 
for any cj £ ft n (T;£* (g> Ot) h which is positive, the product £w is positive. By 
Lemma |8.5l and this fact, for any point x £ T, there exist a finite subset \h x ,j\ of 
T-L and a finite subset {ot x ,j}j of f2°(T;£) which satisfy the following conditions: 

(i) x £ Dom h x j, 

(ii) suppa XJ C Imh x j and 

(iii) (supp + f) U {x} C supp + (£ + V ,•:/';./>, ., - a XJ -))- 

For each x £ T, take an open neighborhood T4 of x in T so that V x C supp + (£ + 
Sj'C 1 ^ — a x j)). By the compactness of (supp£ \ supp + £) U K, we can take 
finite points {x(k)}™ =1 in T so that (supp£ \ supp + £) U K C UfeLi Kc(fc)- Then we 
can inductively construct £ which satisfies the given conditions. □ 

Proof of the "if" part of Theorem \8.1\ By Proposition 17.81 it suffices to prove the 
case where T is oriented and £ is topologically trivial. Take a total transversal T of 
(M, F) and a relatively compact subset K which intersects every leaf of F. By the 
assumption of the nontriviality of (Tr F; £) and Theorem lf.fi (Tr F\ £) is non- 
trivial and isomorphic to H® (Tr Jr; £). Then, by Lemma l8.6l there exists a nonneg- 
ative section £ G 0°(T; £) such that if C supp + £ and = in Qj(T/ Hol(T); £). 
Thus the proof is concluded. □ 

9. A CHARACTERIZATION OF STRONGLY TENSENESS IN THE NONCOMPACT CASE 

9.f. Some difference between the case where the manifolds are compact 
and noncompact. There are some differences of tautness or tenseness between 
compact and noncompact foliated manifolds. We collect some of them in this 
section. 
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The tautness of compact foliated manifolds is a transverse property by [Hac80 , 
Corollary 1 in Section 4.2]; namely, tautness is determined by the equivalence class 
of the holonomy pseudogroup. But it is not true for the noncompact case. Let G 
be a Lie group. 

Proposition 9.1. If the holonomy pseudogroup of any G-Lie foliation is finitely 
generated, then it is equivalent to a holonomy pseudogroup of a taut foliation on a 
noncompact manifold. 

Proof. If the holonomy pseudogroup of any G-Lie foliation is finitely generated, 
then it is equivalent to the pseudogroup Hr generated by the right action of a 
finitely generated subgroup r of G (sec [Mci97 ( Proposition 2.1]). In turn, Hr is 
the holonomy pseudogroup of the suspension foliation of a G-bundle over a closed 
surface S. Indeed, if T is generated by m elements, then S can be taken as the 
oriented closed surface of genus 2m and the 7i"iE-action on G is given by the com- 
posite of 7TiI] — > F m — > P. Since any suspension foliation is taut, the proof is 
concluded. □ 

So, the realization problem of pscudogroups with taut foliations up to equivalence 
is not well posed for noncompact foliated manifolds. Nevertheless we will see that 
tautness or strongly tenseness of noncompact foliated manifolds are invariant under 
a natural equivalence (see Remark l9.10p . 

By Corollarv ll.4l for G-Lie foliations T with dense leaves, we have H®(Tr J 7 ) = 
if G is not unimodular. Combining with Theorem 11.11 and Proposition we get 
the following simple but remarkable examples. 

Example 9.2. There are taut Riemannian foliations T on noncompact manifolds 
M such that H° (Tr T) = 0. 

These examples imply that the easier direction of the Masa's characterization 
of tautness of Riemannian foliations on compact manifolds |Mas921 Minimality 
theorem] cannot be directly generalized to noncompact manifolds. 

As already mentioned in the introduction, a tense metric on a closed manifold 
with a Riemannian foliations is always strongly tense by [KT83b, Eq. 4.4], while 
the example of Cairns-Escobales [CE97, Example 2.4] shows that it is not true 
for the noncompact case. There is a further difference in this direction. The 
cohomology class of the mean curvature form of a tense metric on a Riemannian 
foliation on a compact manifold, or more generally, the basic component of the 
mean curvature form n of a Riemannian foliation on a compact manifold is unique 
by |AL921 Theorem 5.2]. But this result is not true in the noncompact case as the 
following example shows. 

Proposition 9.3. Let M = K x S 1 and T the foliation on M defined by the trivial 
M.-bundle given by the second projection R x S 1 — > S 1 . For any t E R x , there 
exists a strongly tense bundle-like metric on (M , J-) whose mean curvature form k 
satisfies f sl k — t. 

Proof. For t G R x , let \t be a flat R-connection form whose holonomy homomor- 
phism is h t : niS 1 — > Aut(E) determined by ^4(7) = t, where 7 is a generator of 
7T15 1 . Then, by Rummler's formula (fl6|) . xt is the characteristic form of a strongly 
tense metric on (M, J-) such that the cohomology class of the mean curvature form 
k is given by J k — log |t|. □ 

9.2. Modified Haefliger cohomology. In this section, we define a generalization 
of Haefliger cohomology to noncompact foliated manifolds, which coincides with the 
original version for compact foliated manifolds. 

We consider the following refined version of total transversals. 
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Definition 9.4. Let T be a total transversal of a foliated manifold (M,J-). We 
call T fine if there exists a decomposition T = |J ie j T to open closed subsets T 
and a locally finite open covering U = {£/i}iei of M such that 

(i) Ui is relatively compact in M, 

(ii) If Ui n L/j is non-empty, then it is connected and simply connected, 
(hi) Ti is a total transversal of (Ui,J-\ui) which intersects each leaf of (Ui, 

exactly once and 

(iv) the map 7Tj : Ui — > Ti which collapses leaves of F\ui is a disk bundle. 
The covering IA is called a covering compatible with T. For a fine total transversal T 
of (M, J 7 ), an open subset K of T is called exhausting if Ti PI K is relatively compact 
in Ti and \J ieI irf 1 ^ f] K) = M. 

We introduce the corresponding notion of Haefhger cohomology. Let (M, J 7 ) be 
a foliated manifold. Let T — \_\ ieI Ti be a hne total transversal of (M, J 7 ) with 
compatible covering U = {Ui}i^i. Let (£, V) be a flat vector bundle over M. Let 

n^(T;f) :=II n "(3i;f). 

iei 

We topologize f2* c (T;£) with the product of the LF-topology on each f2*(Tj;£). 
Let J be the subset of I x I consisting of the pairs (i, j) such that Ui n Uj ^ 0. For 
(i, j) G J, the holonomy map from an open set of Ti to an open set of Tj is denoted 
by hij, which is unique by Definition 19. 4K iih Let be the subspace of fi* c (T;£) 
defined by 

(21) E' n := { (KjPii ~ | ^ e fi c( T j^) s^h that supp/3^ C Im/iy} . 

As in the case of the Haefhger cohomology, we get the following. 

Lemma 9.5. For a foliated manifold (M, J 7 ) with a fine total transversal T, the 
isomorphism class of Q* C (T; £)/3ho1(t) as a ^°P ^°9^ ca ^ differential complex is in- 
dependent of the choice of T . 

So, for any fine total transversal T with compatible covering 14, let 

n' cc (TrF;S) := f2* c (T; £)/£ho1(t) > 

tf c * c (TrJ;£) := £T« (fi^T; £ )/S^ (T)> d v ) , 

which are well-defined by the last lemma. 

Remark 9.6. Haefhger [Hae80l Corollary in Section 3.3] proved that Sl^TrJ 7 ) is iso- 
morphic to the compact supported leafwise cohomology iT^J 7 ), where p = dim J 7 . 
Note that 9P(M )/{J 7 -trivial forms} = C°°(f\ p T*T) and that any (p - l)-forms 
are ^-trivial. Then, Lemma [97] below implies that 0° c (Tr F) is isomorphic to the 
leafwise cohomology H p (fF). 

9.3. Haefliger type characterization in the noncompact case. Let M be 

a manifold with an oriented p-dimensional foliation J- and a flat vector bundle 
(£, V). We will extend Theorem 1 1.71 to the case where M is possibly noncompact. 
Let T = UjgjTj be a fine total transversal with compatible covering {J7j}j e /. Like 
in the compact case, the integration along J 7 , 



j : VL'{M;£) -> ft*- p (Tr J 7 ; £) 



is well-defined by /jr« = (/ pia)iizi, where 7Tj : £/j — »■ Tj is the projection whose 
fibres are plaques of J 7 and {/9j}; 6 / is a partition of unity on M subordinated to 
{Ui}iei- K is easy to see that fj- is a surjective map which commutes with dy- 



HAEFLIGER COHOMOLOGY OF RIEMANNIAN FOLIATIONS 



23 



Lemma 9.7. The kernel of fj. is equal to the subspace ofQ'(M;£) generated by 
^-trivial forms and the differential of J 7 -trivial forms. 

The following result is proved by a twisted version of the proof of |Hae801 The- 
orem in Section 4.2] with Proposition 17.51 and Lemma 19.71 

Theorem 9.8. Let M be a manifold with an oriented foliation T and (£, V) a 
topologically trivial basic flat line bundle over M whose restriction to each leaf of 
J- is trivial. Then, the following are equivalent: 

(i) (M, J-) is strongly tense with (£, V). 

(ii) There exist a fine total transversal T of (M, J 7 ) with exhausting subset 
K and a nonnegative section £ € &P CC (T]£) such that K C supp + £ and 
d v £ = Q mOj c (TrJ-;f). 

(hi) For any fine total transversal T of (M, J 7 ) with exhausting subset K , there 
exists a nonnegative section £ S Vf cc (T;£) such that K C supp + £ and 
d v £ = in nl c (TrT;£). 

Proof. Clearly (hi) implies (ii). We will show that (i) implies (hi). By Proposi- 
tion [7751 there exists a nowhere vanishing section a such that is parallel for 
every leaf L of T and \ ® er is relatively J"-closed. Let T = Ti be a hne total 
transversal of (M, F) with compatible covering {Ui}i £ i and exhausting subset K. 
Let 7Tj '. JJi — V Ti be the projection which collapses the leaves of J-\iJi- We take 
a partition of unity on M subordinated to {Ui}i^i so that K n Ti C 7ri(supppi). 
Let £ = pi(x Cg> cr )) ie7 - Then, £ satisfies the conditions in (iii), because dv 
commutes with jj-. We will show (i) by using (ii). Let T = \_\ ieI Ti be the fine 
total transversal of (M, F) satisfying (ii). Let {Ui}i^i be the compatible covering 
and Wi : Ui —> Ti be the projection which collapses the leaves of J-\ui- For each 
i, we take a closed p-form rji on Ui compatible with the orientation of J 7 so that 
f rji = 1 and (J i supp + rji — M, where supp + r]i — {x G M rji(x) ^ 0}. Let 
V = E 2 (Vi ® < (fk))- Then j T d v n = d v £ = in ^(Tr J"; f). By Lemma E2 
there exist two ^-trivial forms /3i and fa such that c?v( 7 7 + /3i) = fa- Since (£ , V) is 
basic and topologically trivial, it admits a nowhere vanishing section a G J7°(M; £) 
such that a\h is parallel for every leaf L of T (sec Remark 17. 6[) . Let \ be the 
characteristic form of (M, J 7 ) such that x ® c = ^ + /?i • Then x and cr satisfy the 
conditions in Proposition [775] So (M, J 7 ) is strongly tense with (£, V). □ 

Remark 9.9. Since tautness is strongly tenseness with the trivial flat line bundle, 
when £ is trivial, Theorem 19.81 - (ii) or (iii) characterizes tautness of (M, J 7 ). 

Remark 9.10. Theorem 19.81 shows that strongly tenseness of noncompact foliated 
manifold is invariant under certain equivalences of the pseudogroup on fine total 
transversals finer than the usual equivalence, which induces a map between modified 
Haefhger cohomology. 

10. Strongly tenseness of Riemannian foliations on noncompact 

manifolds 

Here we will prove Theorem ll.9l Before the proof, we make the following remark 
on a difference from the compact case. 

Remark 10.1. In the compact case, strongly tenseness implies the nontriviality of 
the Haefhger cohomology (the "only if" part of Theorem 18. ip . But this result can- 
not be generalized to noncompact manifolds with Riemannian foliations. First, 
H®(TrJ-) can be trivial for taut Riemannian foliations J- on noncompact mani- 
folds (Example 19. 2p . Strongly tenseness with £ may not imply the nontriviality 
of iJ^ c (Tr J 7 ; £) for Riemannian foliations on noncompact manifolds, either. The 
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argument to show the nontriviality of H®(Tr F) does not work for 7?° c (Tr T\ £ ), 
because the cohomology class of nonnegative n- forms in f2" c (T; Ot) may be trivial. 

Proof of Theorem 1 1.91 By Proposition 17.81 it suffices to prove the case where J- is 
oriented and £ is topologically trivial. 

Let T = UieJ ^ be a ^ ne total transversal of (M, JF) with compatible covering 
{Ui}i£i and exhausting subset K. Let Ki = K Pi Tj. By the cr-compactness of M, 
we can assume that / = Z>o- Let iti : U% — > 7j be the disc bundle whose fibers are 
leaves of F\ui- 

Take another total transversal To of (M, J 7 ) so that To UT is a fine total transver- 
sal of (M, F). By the uniformness of (M, J 7 ), there exists a relatively compact subset 
K which intersects every leaf of T. Let U = Hol(T U T) and Hi = Hol(T U T). 
For each i G Z>o, To UT is a total transversal of (M, J 7 ) and -Ko U-Kj is a relatively 
open subset of To U T which intersects every leaf of T . Thus, Lemma T8.6I implies 
that, for each i G Z>o, there exists a nonnegative section G f^(^o L- 1 T; f ) such 
that i<Q C supp + f and d v C = in f^((T U T t )/n t ;£). We can take f so that 
there exists a relatively compact subset To of T such that supp(£ l |x ) C To for 
any i. 

First we check if we can construct £ satisfying the conditions of Theorem l9.8l -(n') 
to show strongly tenseness with £, by letting £ = J2"iLiC- The first problem is 
that J^Zi ? m& y not be well-defined in ft° c (T U T; £), because n° cc {T \JT;£) = 
Ylilo ^c(Ti', £) by definition and the sequence {Yli=i C|t }w=i ma y diverge in 
fi°(To;£). To avoid this problem, we will slightly modify the construction of £. 
Let || • ||° be a C^-norm on f2°(T; £), and take the sequence A = {ai}°° =1 of positive 
real numbers defined by 

1 

ai ~ 2*+imaxo<,< I ||^|T |l2 ' 

Then, since 

(i) {{[Eili a i€ |t ||°}~ = i converges for every I and 

(ii) To is compact and supp(£ l |T ) C To for any i, 

the sequence {J~^ =1 ai£ l |T }?/ = i converges in fi°(T ;£) (see jdR841 Section 9]). 
Since £ z |t, = for j > and i ^ j, it follows that £4 = a i£* i s well-defined 

inr20 c (T UT;f). 

We will check if £a satisfies the conditions of Theorem l9 .81 - (ii) . Like in Section l9~2l 
let J = {(j, k) G (Z> ) 2 I Uj n U k ^ 0}. For (j, k) G J, let /i jfc denote the holonomy 
map from an open set of Tj to an open set of T&, which is unique by Definition ^. 41 
(ii). Since {hjk}(j,k)e.j generates H and dv£ l belongs to A^ (see Section 12.11 for 
the definition of A^.), for each i, we have 

(22) de= h %Pij-Pii 

(j,k)eJ 

for some f3 l k j G Oj(Tfc; £) so that is zero except a finite number of (j, fc) G J. If 
Sfci a i/^fej i s well-defined in Q,\(T).; £) for each k G Z> , then we can multiply 
by a; and sum it up with respect to i G Z>o to show that £4 satisfies the condi- 
tions of £ in Theorem 19.81 - (ii). But, in general, the sequence { J2iLi a iPkj}N=i m 
£l\{Tk]£) may diverge, because aj/3jy may be nontrivial for a fixed k and infinitely 
many different i. 

So we modify the construction of £4. First we modify a fine total transversal 
T = so that there exists a fine total transversal T' = sucn that 

T is a relatively compact subset of T[. We similarly modify the total transversal 
T) so that there exists a total transversal Tq such that Tq is a relatively compact 
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subset of Tq. Let W = Hol(T^ U V). We take f , a*, U and (3 l kj as above. Take a 
G^-norm ||-||] of fiJ(?o UT";£). We take the sequence B = {b,}^ of positive real 
numbers defined by 

bi = min \ ai , — - } . 

Let £b = Y^TLi biS, 1 - We consider £g as an element of QI c (Tq U T"; £). Since 

(i) {II Sili biP l kj \\\}N=i converges for every I and 

(ii) T k is compact and supp (J2iLi biPij) c T k, 

the sequence {X}j=i bi(3 k j} converges in VL). c (T k ,£) (see |dR841 Section 9]). So, by 
multiplying (|22|) by and summing it up with respect to i, we get 

(oo OO \ 

1=1 1=1 / 

where Y.Zi^kj G ^lc{ T k\ £ )- lt Allows that belongs to S^, (see (EU) for 
the definition of S^,). By construction, W and S ^cc(^o L- 1 ^"i^) satisfy the 
conditions of Theorem 19.81 (ii). Thus, by Theorem 19.81 (Af, J 7 ) is strongly tense 
with(£,V). □ 
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